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15[65L00).— WILLARD L. MIRANKER, Numerical Methods for Stiff Equations and
Singular Perturbation Problems, Mathematics and Its Application/5, Reidel, Bos-
ton, 1980, xiii + 202 pp., 23 cm. Price $29.95.

When applied to singularly perturbed problems, standard numerical methods
often “fail” in the sense that, as the problem becomes more singular, they demand
too much additional work. They might do so in order to stably follow a solution
component which quickly becomes negligible or to follow a highly oscillatory
component overlaid on a slowly developing part of more interest. Thus, a common
principle in numerical analysis of singularly perturbed problems is to devise methods
which either overlook the uninteresting components while faithfully tracing the
important ones or, based on prior knowledge of the form of the singular compo-
nents, incorporate them cheaply in the method. (A third possibility is to temporarily
disregard the singularities and then recover them a posteriori.)

Numerical analysis of singularly perturbed differential equations is the subject of
much recent research. By now, firm foundations have been laid in many problems
involving ordinary differential equations but, for partial differential equations, only
the case of one space dimension is somewhat advanced. For most partial differential
equations, even if the nature and form of singularities is thoroughly analyzed and
understood, the behavior of many a clever numerical scheme is known only in
computational examples.

Topics for ordinary differential equations where the behavior of numerical schemes
is reasonably well understood include:

I. The role of A-stability and its variations in solving stiff initial value problems.

I1. The role of upwinding in singularly perturbed second order two-point boundary
value problems.

III. Utilization of the matched asymptotic expansion formalism in singularly
perturbed initial value problems and two-point boundary value problems in order to
construct numerical schemes.

Among books dedicated to these problems we have [2], devoted mainly to no. III,
and [1], treating all of the three subjects to some extent. No. I is more “classical”
and can be found in many books on numerical solution of ordinary differential
equations.

The present volume offers a smorgasbord of interesting problems; in addition to
those three above, it includes a detailed description of numerical methods based on
averaging in problems with highly oscillatory solutions, where the author and
Hoppensteadt have made fundamental contributions.
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I shall next describe the contents in more detail.

Chapters 1-3 are introductory. The “classical” theory for numerical solution of
stiff initial value problems for ordinary differential equations (a fast decaying
component) is given. Following Dahlquist, linear multistep methods and their
A-stability, or not, are treated and also procedures for solving the equations in
implicit methods. Further, Certaine’s and Jain’s methods are exposed, and the last of
the about 50 pages treat Runge-Kutta methods and their properties in this context.

In Chapters 4 and 5 more specialized methods are applied to problems with fast
decaying components. The “Exponential Fitting” idea of Willoughby, Liniger and
the author is given in Chapter 4, and in Chapter 5 the method of matched
asymptotic expansions (a la Vishik and Lyusternik) is set up, and numerical methods
based on it are given. In all this, the author’s experience guarantees a very lucid and
to the point account, guiding the reader in the details of how to set up the scheme
and to what is important and what is not. The interesting case of matched
asymptotic expansion without a clearly identifiable parameter is also treated.

Furthermore, exponential fitting in the case of highly oscillatory solutions is
briefly discussed, setting the stage for Chapter 6. In a somewhat “off-side” section,
the simple hyperbolic equation u, = u, in the presence of rough initial data is
treated, and an interesting modification of the classical idea of a small local
truncation error given.

The highly oscillatory case and numerical implementation of the averaging method
of Bogoliubov occupies Chapter 6. Following the two-time method of Hoppensteadt
and the author, including its nice algebraic setting, the reader is shown how to carry
on computationally. In Section 6.4, again, an entertaining modification of classical
finite difference ideas is introduced.

Chapter 7 is concerned with a singularly perturbed recurrence relation, following
the ideas of Chapter 6, and with the singularly perturbed second order two-point
boundary value problem, also in the presence of turning points. In the latter
problem the WKB method is briefly recalled and a semianalytical numerical scheme
of upwind type given.

Written by an expert researcher and covering mainly areas where he himself has
been actively involved, this book succeeds in treating several interesting problems,
lucidly collecting relevant properties of their solutions and then motivating, con-
structing and (sometimes) analyzing the numerical schemes. Frequently these schemes
differ in their rationale from more classical and well-known methods; the author
always gives the salient points. In accordance with editorial policy for this series, the
treatment is not complete but rather brisk and tentative. E.g., I could not discern
any principle as to when a theorem was stated, as opposed to a development given
without stated theorems; the guideline appeared to be “when the author felt like it”.
Computational experiments are given but are not very exhaustive or convincing (the
point of the one in Article 6.1.7 escapes one completely). Misprints are few and not
serious, although one on page 6, line 17 leaves one momentarily puzzled. The index
is very decent; a spot check revealed that the (rather nonstandard) term *“matrizant”
did not occur on page 10 but instead on pages 5 and 110, being italicized the second
time but not the first.

The book is accessible to anyone with a modest background in numerical ordinary
differential equations and singular perturbation theory and could be used for a
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specialized graduate course. While topical, the author has pointed out many in-
terconnections and underlying principles. In surveying broadly important aspects of
a growing field in numerical analysis, this volume (a considerable revision of lecture
notes by the author from 1975) is a most welcome addition to the library of
numerical analysts and applied mathematicians.
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16[65P05].—LEON LAPIDUS & GEORGE F. PINDER, Numerical Solution of Partial
Differential Equations in Science and Engineering, Wiley, New York, 1982, 677 pp.,
24 cm. Price $44.95.

This volume considers virtually all numerical methods for solving partial differen-
tial equations known and widely used in the late seventies. Written as a textbook for
a course, it includes hardly any proofs but devotes its considerable number of pages
to lucid developments of the methods, often starting with simple examples and
building upwards.

The Chapters are as follows:

Ch. 1. Fundamental Concepts (in partial differential equations).

Ch. 2. Basic Concepts in the Finite Difference and Finite Element Methods.

Ch. 3. Finite Elements on Irregular Subspaces.

Ch. 4. Parabolic Partial Differential Equations.

Ch. 5. Elliptic Partial Differential Equations.

Ch. 6. Hyperbolic Partial Differential Equations.

The basics of finite difference and finite element methods (Galerkin, collocation,
boundary elements) are treated in each context where it applies. Fast methods for
solving relevant linear systems of equations are given thorough consideration: these
methods include odd-even reduction, point and line iterative methods (Jacobi,
Gauss-Seidel, successive overrelaxation...) and also alternating direction and locally
one-dimensional methods.

Certain modern developments are not treated, thus somewhat dating the book and
making it less useful as a reference. (The inside cover flap states that the book is
aimed to be a reference/textbook, whereas the preface makes no claim that it is a
reference book.) These topics include many “fast” methods recently in vogue such
as: Spectral methods, node reordering schemes, conformal mapping techniques,
random choice methods, multigrid techniques (except classical extrapolation
schemes), capacitance matrix techniques, and use of fast methods as preconditioners
in iterative schemes. Also, mixed methods are treated very briefly.

Generally, pitfalls are clearly pointed out; as omissions I noted that hardly
anything is said about the need for one-to-one mappings in isoparametric elements
or about problems with corner singularities in elliptic problems (although sources
and sinks are briefly considered).



